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ABSTRACT: The role of brane-bulk energy exchange and of an induced gravity term on
a single braneworld of negative tension and vanishing effective cosmological constant is
studied. It is shown that for the physically interesting cases of dust and radiation a unique
global attractor which can realize our present universe (accelerating and 0 < Q,,0 < 1)
exists for a wide range of the parameters of the model. For ,,0 = 0.3, independently of
the other parameters, the model predicts that the equation of state for the dark energy
today is wpg,o = —1.4, while €,,,0 = 0.03 leads to wpg,o = —1.03. In addition, during its

evolution, wpg crosses the wpg = —1 line to smaller values.
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1. Introduction

In cosmologies where the present universe is realized as a finite point during the cosmic
evolution, the answer to the coincidence question “why it is that today €20 and Qpgo
are of the same order of magnitude”, relies on appropriate choice of initial conditions. By
contrast, in a scenario in which the present universe is in its asymptotic era (close to a fixed
point) the answer to the above question reduces to an appropriate choice of the parameters
of the model. However, this latter situation is not easily realized if today’s universe is
accelerating, because:

If the energy density of a perfect fluid with equation of state w > —1/3 of any cosmo-
logical system is conserved, all fixed points of the system with ,,#0 are decelerating.

Indeed, with p the energy density of the perfect fluid with conservation equation p +
3(14+w)Hp = 0, the Hubble equation of an arbitrary cosmology can be written in the form

H? = 2y(p+ ppE); (1.1)

where v = 417Gy /3. Then, the equation governing ppg can always be brought into the
form ppp+3(1+wpr)Hppr = 0, where wpg is time-dependent and distiguishes one model
from the other. It can be easily seen that d(€2,,/Qpg)/dIna = 3(,/QpE)(wpr —w) and
2¢ = 1+ 3(wy, + wpeQpr), where Q,, = 2yp/H?, Qpr = 2yppr/H? and q = —i/aH?.
At the fixed point (denoted by x) d(€,/Qpg)/dlna = 0. For Q. # 0 one obtains
wppEx = w, and 2¢, = 1+ 3w > 0.

Thus, independently of the cosmological model, the only way our accelerating universe
with €,,4#0 can be close to a late time fixed point is by violating the standard conservation
equation of matter. In 4-dimensional theories, an accelerating late time cosmological phase
characterized by a frozen ratio of dark matter/dark energy appears in coupled dark energy
scenarios [] as a result of the interaction of the dark matter with other energy-momentum
components, such as scalar fields. In higher dimensional theories, where the universe is
represented as a 3-brane, this violation could be the result of energy exchange between
the brane and the bulk. In particular in five dimensions, a universe with fixed points



characterized by Q. #0, g. <0 was realized in [J] in the context of the Randall-Sundrum
braneworld scenario with energy influx from the bulk. However, these fixed points cannot
represent the present universe, since they have €),,,, > 2. In this paper we present a brane-
bulk energy exchange model with induced gravity whose global attractor can represent
today’s universe.

Let us consider an arbitrary cosmology in the form ([L.1)). Instances of such cosmologies
arise in braneworld models or in theories with modified 4-dimensional actions leading to
H? = f(p), or in cosmologies where ppg is due to additional fields. Assuming that as a

result of some interaction p is not conserved, it will satisfy an equation of the form
p+3(1+w)Hp=-T. (1.2)
Then, the equation governing ppr can always be brought into the form
ppe +3(1+wpr)Hppr =T, (1.3)

where wpg is time and model dependent. Whenever a fixed point of the system satisfies

HT,#0 , p=ppr =0, (1.4)
one obtains 14
w

Equation ([[.§) is model-independent, in the sense that it does not depend on the form of
T or the function wpg(t). For Q. <1 equation ([[.J) gives wpg. < —1. Specifically, for
w =0 and Qs = Qepy = 0.3 one obtains wpgs, = —1.4, while for Q.+ = Qper = 0.03,
WDEx = —1.03.

The cosmology discussed in the present paper has a global attractor of the form ([L.4),
).1 Moreover, the universe during its evolution crosses the wpp = —1 barrier from
higher values. This behavior is favored by several recent model-independent as well as
model-dependent []—[ analyses of the astronomical data.

2. The model

We consider the model described by the gravitational brane-bulk action [f]
S = /d‘:’w\/_—g (MPR—A) + /d4x\/—h (m?R - V), (2.1)

where R, R are the Ricci scalars of the bulk metric gap and the induced metric hap =
gAB —nanp respectively (nA is the unit vector normal to the brane and A, B =0,1,2,3,5).
The bulk cosmological constant is A/2M3 < 0, the brane tension is V, and the induced-
gravity crossover scale is 7. = m?/M3.

We assume the cosmological bulk ansatz

ds®> = —n(t, y)zdt2 + a(t, y)zfyijdxidxj + b(t, y)zdyQ, (2.2)

!This is in contrast to the models discused in [ﬂ] in which equation (@) is not satisfied.



where v;; is a maximally symmetric 3-dimensional metric, parametrized by the spatial
curvature k = —1,0, 1. The non-zero components of the five-dimensional Einstein tensor are
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where primes indicate derivatives with respect to y, while dots derivatives with respect to

t. The five-dimensional Einstein equations take the usual form

1

Gac = gy lackor (2.7)
where
T ot = T 0,5 + T lm, + Té vy + T lmp + T lina (2.8)
is the total energy-momentum tensor,
Té o = diag(—A, —A, —A, —A, —A) (2.9)
TE oy = diag(=V, =V, =V, =V, O)i;/) (2.10)
T b = diag(—p, p, p, p, O)M- (2.11)

b

T CAIW B is any possible additional energy-momentum in the bulk, the brane matter con-
tent T, é\m,b consists of a perfect fluid with energy density p and pressure p, while the
contributions arising from the scalar curvature of the brane are given by

6m? (4> kn?\ 6(y)
Tlina = —5 <? + >—b (2.12)
, om? (a?  2an 24 kn?\ _0(y)
Tilina = —5 (P —t—t+— >5;—b : (2.13)

Assuming a Zy symmetry around the brane, the singular part of equations (R.7) gives

the matching conditions

/ 02 2
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(the subscript o denotes the value on the brane), while from the 05, 55 components of

equations (R.7) we obtain

N Go a_é%_d_g:& (2.16)

No Ao ao by (0% 6M3 )
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Go \ Gy Mo n2la,  Go\ap, Mo a? 6M3 '

where Tps, Ts5 are the 05 and 55 components of Tac|m, g evaluated on the brane. Sub-
stituting the expressions (R.14), (B.1§) in equations (R.16), (R.17), we obtain the semi-
conservation law and the Raychaudhuri equation

a 2n?
b3 p) = 2010 (2.5)
Qo bo
k 2 -2 2 -2
ok 1_Tc(,0+3p2 V)| L relpt3p=2V)(p+ V)
a? 24m 144m?*
H, 2 20 5 k r2(p+V) A-T?
— + H 1--5(H — “ = 2.19
+<no+ 0)[ 2< 0+ag T o 6M3 7 (2.19)

where H, = a,/aon, is the Hubble parameter of the brane. One can easily check that in
the limit m — 0, equation (R.19) reduces to the corresponding second order equation of
the model without R [l Energy exchange between the brane and the bulk has also been
investigated in [§—[L1].

Since only the 55 component of Tsc|m, g enters equation (R.19), one can derive a
cosmological system that is largely independent of the bulk dynamics, if at the position of
the brane the contribution of this component relative to the bulk vacuum energy is much
less important than the brane matter relative to the brane vacuum energy, or schematically

T_§’
A

< '%' (2.20)

Then, for |A| not much larger than the Randall-Sundrum value V?/12M3, the term 77 in
equation (B-19) can be ignored. Alternatively, the term TP can be ignored in equation (R:19)

if simply
3
*

Note that relations (2.20) and (R.21) are only boundary conditions for 73, which in a
realistic description in terms of bulk fields will be translated into boundary conditions on
these fields. In the special case where (2.20), (B.21) are valid throughout the bulk, the

latter remains unperturbed by the exchange of energy with the brane.

<1 (2.21)

One can now check that a first integral of equation (R.19) is
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HY _ 2o - _ 2 £
© 3 ( om? r2 a%) * < 6m? a2 *

+4< A ﬁ>_ X _ (2.22)

r2\12M3  aZ) 32




with x satisfying

. r2n2T 9 p+V k
X +4noHox = fn;bo (Ho e T a—(%) (2.23)

and T = 2T50 is the discontinuity across the brane of the 05 component of the bulk energy-
momentum tensor. The solution of (R.23) for H, is

YV o2 k1 [200+V) 12 A 2
g P 2 kL = A 2.24
¢ 6m2 2 a2 /3r,. [ m2 r2 M3 x| (2:24)
and equation (R.23) becomes
1
2n2T re [2(p+V) 12 A 2
\ +4noHyx = —2—3 14+ — — - . 2.25
rangtp = 2en e T )20 B ] e

At this point we find it convenient to employ a coordinate frame in which b, = n, =1
in the above equations. This can be achieved by using Gauss normal coordinates with
b(t,z) = 1, and by going to the temporal gauge on the brane with n, = 1. It is also
convenient to define the parameters

A:i—‘&%—% (2.26)
w= 6—7‘7/12 + r_2§ (2.27)
Y= 12;2 (2.28)
g = \/%TC. (2.29)

For a perfect fluid on the brane with equation of state p = wp our system is described by
equations (R.1§), (P-24), (B-25), which simplify to (we omit the subscript o in the following)

p+31+w)Hp=-T (2.30)
k
H? = i+ 2vp £ B/ A+ 24vp+ x — = (2.31)
1
)'(+4HX:247T<1:|:@\/)\—|—247p+x>, (2.32)
while the second order equation (R.19) for the scale factor becomes
a A+ 6(1 —3w)yp
—=u— (143w + . 2.33
c=n( )vp £ 8 T (2.33)
Finally, setting 1 = /A + 24vp + x, equations (P.37)), (£.32), (P.33) take the form
2 k
H = p+2p£pp—— (2.34)
. A+6(1—-3 29T
b+ 2H<¢ A+ 6( . w)w> _ i% (2.35)



A+ 6(1 —3w)yp
v .

Throughout, we will assume 7'(p) = Ap”, with v > 0, A constant parameters [f, [Z. Notice
that the system of equations (£.30)-(R.32) has the influx-outflow symmetry 7' — —T,
H — —H,t— —t. For T = 0 the system reduces to the cosmology studied in [[[J.

We will be referring to the upper (lower) =+ solution as Branch A (Branch B). We shall

Z =u—(1+3w)yp£p (2.36)

be interested in a model that reduces to the Randall-Sundrum vacuum in the absence of
matter, i.e. it has vanishing effective cosmological constant. This is achieved for = FAVA,
which, given that m?V + 12M° is negative (positive) for branches A (B), is equivalent to
the fine-tuning A = —V?2/12M3. Notice that for Branch A, V is necessarily negative.
Cosmologies with negative brane tension in the induced gravity scenario have also been
discussed in [[[4].

Consider the case k = 0. The system possesses the obvious fixed point (px, Hy, ¥x) =
(0,0, \/X) However, for sgn(H)T < 0 there are non-trivial fixed points, which are found

by setting p = ¢) = 0 in equations (2.30), (R.39). For w < 1/3 these are:

2T(p)*
90+ w32 21+ (1 = 3w)yps
+/9(1 + w)2y2p2 + 462\ + 6(1 — 3w)yps] (2.37)
_ T(p«)
He= =550 (2.38)
v 2~ ok 60— 3uw)pd o (2.30)

Equation (R.36) gives
i «)?
(5). = sasamm (240

a T+ w)p?

which is positive, and also, it has the same form (as a function of p,) as in the absence of
R. The deceleration parameter is found to have the value

G =—1, (2.41)

which means H, = 0. Furthermore, at this fixed point we find

_ 2yp _ 18(1 +w)? 5,

Equation (R.37), when expressed in terms of 2,,., has only one root for each branch

B 6(1—3w)B+ VAL —3w—4Q,}) (2.43)
T2y 20 1+3w)(Qnl 1) '

However, it can be seen from (R.43) that for —1 < w < 1/3 and Q,,,, < 1 the Branch B is in-
consistent with equation (2.37). On the contrary, Branch A with —1 < w < 1/3 and Q4 <

1 is consistent for 0 < 6(1 — 3w)B + VA(1 — 3w — 4Q1) < 3/4(1 — 3w)23% — (1 + w)2\.




Thus, since we are interested in realizing the present universe as a fixed point, Branch B
should be rejected, and from now on we will only consider Branch A. So, we have seen
until now that for negative brane tension, we can have a fized point of our model with
acceleration and 0 < Q. < 1. This behavior is qualitatively different from the one ob-
tained in the context of the model presented in [fJ] (for —1/3 <w <1/3), where for positive
brane tension we have §2,,, > 2, while for negative brane tension the universe necessarily
exhibited deceleration; therefore, in that model the idea that the present universe is close
to a fixed point could not be realized.

Concerning the negative brane tension the following remarks are in order: (a) In the
conventional, non-supersymmetric setting, it is well known that a negative tension brane
with or without induced gravity is accompanied by tachyonic bulk gravitational modes [[[5];
however, including the Gauss-Bonnet corrections relevant at high-energies, the tachyonic
modes can be completely removed for a suitable range of the parameters [[[§]. (b) As
shown in [@], in supersymmetric theories, spacetimes with two branes of opposite tension
are stable; in particular, there is no instability due to expanding “balooning” modes on
the negative brane. It is, however, unclear what happens in models with supersymmetry
unbroken in the bulk but softly broken on the brane. (c) Finally, it has been shown [[§
that with appropriate choice of boundary conditions, both at the linearized level as well
as in the full theory, the gravitational potential of a mass on a negative tension brane has

the correct 1/r attractive behaviour.

3. Critical point analysis

We shall restrict ourselves to the flat case £ = 0. In order to study the dynamics of the
system, it is convenient to use (dimensionless) flatness parameters such that the state space
is compact [[[9). Defining

_ 2yp By

H
where D = y/H? — u, we obtain the equations
W + Wy = 1 (3'2)
A (|plwm o 2,3
W :wm[(1+3w)(wm—1)Z——< ) (1—2%)27"
VInl\ 2y
1—2%-3(1 -3w)3?ut
—27(1 - 7% (L= 3w)5 “’m] (3.3)
1—wm
1—-22-301-3w)sput
Z/:(l_Z2)|:(1_Z2) ( w)ﬁﬂ wm_l
1—wn
1+3
_ +2 wwm], (3.4)

with / = d/dr = D~'d/dt. Note that —1 < Z < 1, while both w’s satisfy 0 < w < 1. The
deceleration parameter is given by

_ 1 (143w
72 2

~ 7% - 3(1 = 3w) B u"twp,

m

(3.5)

q



v<3/2|v=3/2|v>3/2
No. of F.P. 1 Oor1l 1
Nature A A S

Table 1: The fixed points for w = 0, influx.

and H' = —HZ(q+1). The system of equations (B.3)—(B-4) inherits from equations (R.30)-
[£.32) the symmetry A — —A, Z — —Z, 7 — —7. The system written in the new variables
contains only three parameters. However, going back to the physical quantities H, p one
will need specific values of two more parameters.

It is obvious that the points with |Z| = 1 have H = oco. Therefore, from (R.34) it
arises that the infinite density p = co big bang (big crunch) singularity, when it appears, is
represented by one of the points with Z =1 (Z = —1). The points with w,,, = 1, |Z]|#1,0
have w],, = 0o, Z' = oo and finite p, H; for w <1/3, one has in addition d/a = +oo, i.e.
divergent 4D curvature scalar on the brane.

The system possesses, generically, the fixed point (a) (wWps,wys, Z«) = (0,1,0), which
corresponds to the fixed point (p,, Hy,1b.) = (0,0,v/)\) discussed above. For v <3/2 there
are in addition the fixed points (b) (Wi, Wy, Zx) = (0,1,1) and (¢) (Wnxs Wy, L) =
(0,1,—1). All these critical points are either non-hyperbolic, or their characteristic matrix
is not defined at all; thus, their stability cannot be studied by first order perturbation
analysis. In cases like these, one can find non-conventional behaviors (such as saddle-nodes
and cusps [BQ]) of the flow-chart near the critical points. There are two more candi-
date fixed points (d) (W, Wy, Z¢) = (1,0,1) and (e) (Wmx, wys, Zx) = (1,0, —1), whose
existence cannot be confirmed directly from the dynamical system, since they make equa-
tions (B.3), (B.4) undetermined. Apart from the above, there are other critical points
given by

A (plemr=t 31+ w) Zy
VIl Sl (1-22)2 0
(1 + 3w)w?,, + (1 — 3w) [1 - 6752(1 — 2w — 201 — (1 — Z22)?] = 0. (3.7)

They exist only for AZ, <0 and correspond to the ones given by equations (.37)-(R.39).
For the physically interesting case w = 0 with influx we scanned the parameter space and
were convinced that for v # 3/2 there is always only one fixed point; for v < 3/2 this is
an attractor (A), while for v > 3/2 this is a saddle (S). For w = 0, v = 3/2 there is either
one fixed point (attractor) or no fixed points, depending on the parameters. For the other
characteristic value w = 1/3, we concluded that for v < 3/2 there is only one fixed point
(attractor), for v > 2 there is only one fixed point (saddle), while for 3/2 < v < 2 there are
either two fixed points (one attractor and one saddle) or no fixed points at all, depending
on the parameters. For w = 1/3, v = 3/2 there is either one fixed point (attractor) or no
fixed points. Finally, for w = 1/3, v = 2 there is either one fixed point (saddle) or no fixed
points. These results were obtained numerically for a wide range of parameters and are

summarized in tables [[] and [J.



v<3/2|v=3/232<v<2|v=2|v>2
No. of F.P. 1 Oor1l 0or?2 Oor1 1
Nature A A AS S

Table 2: The fixed points for w = 1/3, influx.

The approach to an attractor described by the linear approximation of (B.3)-(B.4) is
exponential in 7 and takes infinite time 7 for the universe to reach it. Given that near this
fixed point the relation between the cosmic time ¢ and the time 7 is linear, we conclude
that it also takes infinite cosmic time to reach the attractor.

Defining € = sgn(H), we see from (B.3)—(B.4) that the lines Z = ¢ (v <3/2), Wy, = 0
are orbits of the system. Furthermore, the family of solutions with Z ~ e and dZ/dw,, =
Z'Jw!, ~ 0 is approximately described for v < 3/2 by w!, = €(1 + 3w)wy, (wy, — 1), and
thus, they move away from the point (W, Zx) = (1,1), while they approach the point
(Wms» Zx) = (1,—1). In addition, the solution of this equation is w,, = [1 + ce(1+3w)T]=1
with ¢ > 0 an integration constant. Using this solution in equation H'/H = —Z(q+ 1) we
find that for w =1/3, H/H, = \/wn /(1 — wp), where H, is another integration constant.
Then, the equation for wy, () becomes dw, /dt = —2€wy, v/ Hz2wy, — (1 — wp,)2, and can be

integrated giving t as a function of w,, or H. Therefore, in the region of the big bang/big
crunch singularity one obtains a(t) ~+/et, p(t) ~t~2, as in the standard radiation dominated
big-bang scenario. This means that for v < 3/2 the energy exchange has no observable
effects close to the big bang/big crunch singularity.

Since our proposal relies on the existence of an attractor, we shall restrict ourselves to

the case v < 3/2. It is convenient to discuss the four possible cases separately:

(i) w = 0 with influx. The generic behavior of the solutions of equations (B-3)—(B.4)
is shown in figure . We see that all the expanding solutions approach the global
attractor. Furthermore, there is a class of collapsing solutions which bounce to ex-
panding ones. Finally, there are solutions which collapse all during their lifetime to
a state with finite p and H. The physically interesting solutions are those in the
upper part of the diagram emanating from the big bang (w,Z) =~ (1,1). These so-
lutions start with a period of deceleration. The subsequent evolution depends on
the value of 33%/|u|, which determines the relative position of the dashed and dotted
lines. Specifically, for 33%/|u| > 1 (the case of figure ) one distinguishes two pos-
sible classes of universe evolution. In the first, the universe crosses the dashed line
entering the acceleration era still with wpgp > —1, and finally it crosses the dotted
line to wpr < —1 approaching the attractor. In the second, while in the deceleration
era, it first crosses the dotted line to wpp < —1, and then the dashed line entering
the eternally accelerating era. For 33%/|u| <1, the dotted line lies above the dashed
line, and, consequently, only the second class of trajectories exists. To connect with
the discussion in the introduction, notice that the Friedmann equation (P.34)) can be

written in the form ([LI]) with dark energy ppgr = (8¢ + u)/2y. Using (R.39), the



Figure 1: Influx, w = 0, v < 3/2. The arrows show the direction of increasing cosmic time. The
dotted line corresponds to wpr = —1. The region inside (outside) the dashed line corresponds to
acceleration (deceleration). The region with Z > 0 represents expansion, while Z < 0 represents
collapse. The present universe is supposed to be close to the global attractor.

Figure 2: Outflow, w = 1/3, v < 3/2. The arrows show the direction of increasing cosmic time.
The region inside (outside) the dashed line corresponds to acceleration (deceleration). The region
with Z > 0 represents expansion, while Z < 0 represents collapse.

equation for ppp takes the form ([.3) with
~1

3(1 — wm)

The global attractor (2.37)-(.39) satisfies relations ([L4) and consequently, wpg

evolves to the value wp g, given by ([L.H). As for the bouncing solutions, they approach
the attractor after they cross the line Z? = w,,, where wpg jumps from 400 to —o0;

B_2wm(1 - 7?)

2
27 —wm—1—6(1—3w)u —

WpDE = (3.8)

however, the evolution of the observable quantities is regular.

(ii) w = 0 with outflow. The generic behavior in this case is obtained from figure [l by

,10,



the substitution Z — —Z and 7 — —7, which reflects the diagram with respect to the

wy, axis and converts attractors to repelers.

(iii) w = 1/3 with outflow. Figure P depicts the flow diagram of this case. Even though
in the case of radiation in general wpgr > —1/3 from equation (B.§), there are both
acceleration and deceleration regions. Furthermore, from equation ([L.F) it is Q. > 1.

(iv) w = 1/3 with influx. This arises like in (ii) by reflection of figure f| and resembles

figure [l.

4. Conclusions

In this work, we studied the role of brane-bulk energy exchange on the cosmological evo-
lution of a brane with negative tension, zero effective cosmological constant, and in the
presence of the induced curvature scalar term in the action. Adopting the physically mo-
tivated p¥ power-law form for the energy transfer and assuming a cosmological constant
in the bulk, an autonomous system of equations was isolated. In this scenario, the “dark
energy” is a result of the geometry and the brane-bulk energy exchange. The negative
tension of the brane is necessary in order to realize the present universe (accelerating with
0 < Qo < 1) as being close to a future fixed point of the evolution equations. We studied
the possible cosmologies using bounded normalized variables and the corresponding global
phase portraits were obtained. By studying the number and nature of the fixed points we
demonstrated numericaly that our present universe can be easily realized as a late-time
fixed point of the evolution. This provides an alternative answer to the coincidence problem
in cosmology, which does not require specific fine-tuning of the initial data. Furthermore,
the equation of state for the dark energy at the attractor is uniquely specified by the value
Q0. Remarkably, for £,,0 = 0.3, one obtains wpro = —1.4, independently of the other
parameters, while for the other suggestive value €),,,0 = 0.03, wpg,o = —1.03. In the past,
the function wpg crosses the line wpp = —1 to larger values.

It would be interesting to investigate if the above partial success of the present scenario
persists after one tries to fit the supernova data and the detailed CMB spectum [R1]. Of
course, the nature of the content of the bulk and of the mechanism of energy exchange
with the brane is another crucial open question, which we hope to deal with in a future
publication.
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